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otonic approximation of integrals in relation to some inequalities for

s of powers of integers

van de Lune

[RACT

This report mainly deals with the following question: For which (con-
1ous) functions f: [0,1] » R is the sequence of canonical trapezoidal
roximations of : f(x)dx monotonic? Most of the results are obtained by
1s of some new inequalities for sums and alternating sums of powers of

agers.
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INTRODUCTION.

The subject of this note was inspired by the
sed by the author): For any positive integer n

gon P ..,Pn where

1°°

k ;
1) Pk = exp(a-Zﬂl), (k=1,...,n).

t d, be the distance from P, to P_, i.e.
k k n

.2) d = [p, - 1],

1 1let
1
n n

3) D =

0 . .
ove that the sequence {Dn}n=l tends <ncreasingly

is problem may be solved as follows:

1ce
n
1 k . . _
Dn == Z [exp(; 2mi) 1| =
k=1
1 21k 21k
4) == ) |(cos =— + i sin ZL%) - 1] =
n n n
k=1
n 1 n
= %- ) (2 -2 cos 2%&)2 = %- ) sin
k=1 k=1

is already clear that

sin mx dx =

5) limD = 2 4
n ™
1>

1
|
|
J
0

1 P oo . . .
order to show that iDn}n—l 1s 1ncreasing we reca




. mz . (m+l)z
m sin -5 sin —2—

(0.6) ) sin kz = =

k=1 sin%

irom which it is readily seen that

™ T
0.7) b =227 _4_ W
' n n . L ™ m
Sln_z; tania

low consider the function ¢: (0;1] > IR def

o(t) = -E#t s (0<t<-;-)
0.8)
TT -
¢(§) = 0.

t is easily verified that ¢ is decreasing

0.9) p =2

™
n =7 G,

t follows that {Dn}:=l is increasing.

We note that Dn may be written as

. k-1 .k
sin — 7 + sin — 7
n n

2

-

2 n
0.10) D == ]
%=1

D is t
n
pproximation of Q)sin mx dx. Thus we have

Nl

hich is equivalent to saying that
anonical trapezoidal approximations of fgs
ight feel that this fact is not surprising

0,1].

However, an example such as
0.11) £(x) = 1 - |x], (-1zx<1),

hows that the ccncavity of f is not a suff




snomenon. In this example f is concave but the corresponding sequence
trapezoidal approximations of i}f(x) dx is oscillating. We are thus led
the following question: For which (contimuous) functions f: [0,11 » R,
/s 18 the sequence {Tn(f)}:=1, defined by
f k-l + £ k

(n)2 (n)’

. 12) Tn(f) =

e~ B

1
=1

1wtonie? It seems that there is no simple general answer to this
:stion.

However, using the Euler-Maclaurin summation formula, it is fairly
5y to obtain a reasonably large class of functions f for which Tn(f) is
mtually monotonic.

During the investigation of the question just described, it turned out
it in order to obtain any results of some general nature it is very

-pful to settle the question first for the functions f_ and f: defined

13) £ (x) = s, (0<x<i ; s>0)

1
"

I
B

14) f:(x)

In section 1 of this note it will be shown that Tn(fs) is increasing
:sp. decreasing) for any fixed s e (0,1) (resp. s>0), whereas in section
e will prove that Tn(f:) is decreasing for any fixed integer s > 2.

There is little doubt that all these statements are easily conjectured.
ever, we have not been able to furnish any really simple proofs. All

proofs are based upon some inequalities concerning the sums on(s) and

s) defined by

k5,

15) g (s) =
1

ki

It~




and

n-1 K s
(0.16) b (8) = 1 (=D (aK)>,
k=0

the most important ones being

ns(n+1)S+1 + nS+](n+l)S

(0.17) o (s) >
n (n+])S+1 _ ns+] ?
and
+1 +1
(0.18) (s » @7+ 0% (@e1)®
* n s+1 s+1 ’
(n+1) + n

In section 3 we will discuss some applicati

As an example we mention here the intriguing fac
(0.19) f(x) = |x[, (-1<x<1)

can not be approximated pointwise (let alone uni

polynomials {Pn(x)}:=], every Pn(x) being of the

N
(0.20) C + Z pm Xm
m=1

vhere C is any real number whereas all coefficie

ire non-negative.

1
|. APPROXIMATIONS OF J x° dx, (s>0).
0

For n ¢ N and s ¢ €C we define

k°.

1.1) On(S) = 1

k

he~—3

s>2)

" the above results

the function

) by a sequence of

with even index m




In this section we will only be interested in the case s>0. Comp

5) n 1

il %- ) (E)S with J x° dx, one readily finds the well known in
k=1 0

ilities
ns+1 ns-Fl s

2) 7T < on(s) < tn (s>0).

. . . . . . 1 _s
> considering the canonical trapezoidal approximations of fO x dx

:asily seen that

ns+1 ns

3) o (s) < ey e M (0<s<1)
ns+l ns

D) on(s) > = + -5 (s>1),

. . . n(n+1) .
case s=]| being trivial: on(1)= — Next we have the somewhat !
rial
'OSITION 1.1.

s+1 s s s+1
) - s+§n+l)s+l < On(s) < - 2271) s+1 ? (s>0).
(n+1) - n (n+1) - n
F. We first show that
nS+] (n+l)s
) o_(s) > . (s>0).

(n+l)S+1 -n

s inequality is easily seen to be true for n = 1 and all s > 0. As

t (1.6) still holds for n = 1,...,N and all s > 0. Then we have

Ns+1 (N+1)S

¥
(N+])S+] _ Ns+1

) Oge 1 (8) = D + op(s) > +1)° +

that it suffices to show that




(@)

s+l 1

o aen® o awn®t
(N+I)S+1 1

(N+2) °

G TY) R D Ll

S
(1.8) (N+1)° + B NS+

or equivalently, that

(1.9) DS 2) S o 2T S e S ae2)S - xSt )
for all N ¢ N and all s > 0. Putting E%T = X, we thus want to prove that
(1.10) A0S 1 s (1408 - (=05 (14x) S,
or equivalently, that
S N B Ot Rk
(1.11) 2
b4 = 2

Since for any fixed s > 0 the function xS+] is convex for x > 0, it fol-
lows that (1.11) holds for all x ¢ (0,1), completing the proof of (1.6).
Next we show that

ns (n+1)S+]

b
(n+1)S+] _ ns+]

(1.12) o (s) < (s>0).
n

One may verify directly that (1.12) holds for n = 1 and all s > 0. Assume
(1.12) still holds for n = 1,...,N and all s > 0. Then we have

s s NS (1) S
(1.13) Oneq (8) = (D7 + 0 (s) < (N+1)7 + ey v
(N+1) - N
so that it suffices to show that
S s+1 . S aaoy St
(1.14) +1) S ¢ 5 gijl) ot = (h+]i+1(h+h) o
(N+1) - N (N+2) - (N+1)
for all N € N and all s > 0. Again, putting 1. X, it is easily verified

N+1




t (1.14) is equivalent to

(1_X2)5+] _ (]—x)S+] 1 - (1_x2)s+1

15) <

x(1-%) = 2

x
2 2
observe that (1-x7) - (1-x) = x(1-x), that 0 < I-x < 1-x" < that
any fixed s > O the function 57! is convex for x > 0. It 'S
t (1.15) is true indeed, completing the proof. (]
Defining

c,(s)
16) Un(s) =7’ (nelN ; seC)

n

OH(S) - ns
17) Ln(s) = nS+l . (nelN ; seC)

r1ave the following

20SITION 1.2. If s > 0 then the upper (resp. lower) Riemann-

3) (resp. Ln(s)) 18 decreasing (resp. increasing) in n.

JF. In order to show that
18) U () >U, (),  (s20)

nay just as well show that

19) On(s) On+l(s) (s>0)
2
ns+l (n+1)S+]
equivalently, that
0) (n+1)S*] o (s) > oSt {e)S 4 0 ()3, (s>0)

*h may also be written as




ns+l (n+1)s

g (s) > s (s>0).
n (n+1)S+] _ ns+1
Similarly, the inequality
(1.21) Ln(s) < Ln+1(s), - (s>0)
is seen to be equivalent to
ns (n+1)S+l
9 (S) < S+] S+] 3 (S>O).
(n+1) - n
Hence, proposition 1.2 is just a restatement of proposition 1.1. 0

REMARK. During the preparation of this note J. H. VAN LINT notified the
author that proposition 1.2 may be generalized as follows: If f: [a,b!-> TR
is monotonic and either convex or concave on [a,b] then the corresponding
sequence of canonical upper (resp. lower) Riemann-sums is decreasing

(resp. increasing).

It should be noted that Tn(f) need not be monotonic for a convex
monotonic function £: [a,b] + IlR. As an example one may take an increasing
convex function whose graph consists of two line segments joined at the

. +
point x = th .

Defining
(1.22) Tn(s) = %{Un(s) + Ln(s)}, (nelN ; set),

it is clear that if s > 0 then Tn(s) is the n-th canonical trapezoidal

. . 1
approximation of fO x° dx.

Concerning Tn(s) we have the following

THEOREM 1.1. If 0 < s < 1 (resp. s>1) then Tn(s) 18 increasing (resv. de-—

creasing) in n.




JF.

W

1. s > 1.

We want to prove that

23) Tn(s) > Tn+](s) > (s>1).
e

20 (s) - n®
24) 2Tn(s) = v

nay just as well prove that

ZUH(S) - n® 20n+1(8) - (o+1)®

25) > s (s>1),
ns+1 (n+1)S+l
:quivalently, that
s+1 s s s+1
6) 20n(s) . n (n+1)” + n~ (n+l1) i (s>1).

(n+l)S+1 _ ns+1

In order to prove (1.26) we proceed by induction. If n = 1 we have

heck whether

s s+1
'7) 2 > Z__:;jé___ , (s>1)
25t

iquivalently, whether

'8) 2% > 2, (s>1).

It follows that (1.26) holds for n = 1 and all s > 1. Assume that
'6) still holds for n = 1,...,N and all s > 1. Then we have

s+1 1

(N+1)S +N° (N+1)S+

(N+1)s+1 _ Ns+1

29) (s) = 2(N+1)° + 20, (s) > 2(8+1)° + N

20N‘+1

chat it suffices to show that




s+1 S s
(1.30) 2n+1)S + X (N+1)” + N° (N+1)

(N+1)S+] _ Ns+1

s+1

Ed

m+DSTD (2)S 4 me1)S (ue2) St

(N+2)S+l _ (N+1)S+]

v

for all Ne¢ N and all s > 1.

After some simplifications in (1.30) we see that we may just as well

prove that

(1.31) NS + 2(n+1)5] o (D) (N+2)° 4 (N+2)S*]
(N+])S+l _ Ns+] = (N+2)S+1 _ (N+1)S+]
>r equivalently, that (as before, we write Wy x)
(azy XA+ 2 (0% 4 (14T
- (-5 T St o
thich may be rewritten as
'1.33) 2(1-x9)% + x{(1+0)° - (1-0)°) - 2 > 0.

In case s is an integer greater than 1 we may prove (1.33) as

‘ollows:

Using the binomial theorem the left hand side of (1.33) may be writ-

.enl as

S S
136 2] OEDTET x| () FO-¢DT - 2 -
r=0 r=0

o r 2r © 2r,
=20 ] OED =T+ ] G2 x7
r r—-1
r=1 r=1
2
Now replace t” by z, 0 < z < 1, so that it suffices to show that

1.35) ) (i)(—l)r 25+
r=1 r

lo~18
~~




2r-1

= Z (zr) z7 o+ Z (3" -2 )
=1 r=1

all z € (0,1). Since 0 < z < 1 we have

Zr _ z2r—1 > 0

36)

all r e W,
Since in addition all binomial coefficients in (1.35) are positi
proof of (1.23) is complete in case s ¢ N, s > 2. In order to pr

>rem 1.1 for a general s > | we consider two cases

2 1.a. 1 < s < 2,

Observe that (1.33) is equivalent to

O R ¢

37) > 1 - (1-x5)5, (0<x<1),
2

:h may also be written as

38) 5_’5

Il ©~138

o 2
o(i) X {1-¢-1)F} > 1 - Z (f;)(-l)r T,

T r=0

3 last inequality is equivalent to

2r

9) I Gop e T OEDT T 2o,
r=1 r=1

putting x2 =z, 0<2z<1, to

0) ) {(21.8_1) + (DT (]Sf)}zr 2 0, (0<z<1).
r=2

irly (1.40) may be rewritten as
- 2 v 2r+1

& /—1*‘(4:—1) MCRICa Zl{(4r5+1) T Gtz 20
= r=

we observe that if | < s < 2 then
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(1.42) (gr) >0 forallre N
and

S
(1.43) (2r+]) <0 forall re WN.

. . s . . .
Moreover it is easily seen that I(r)| is decreasing in r.

Hence, for all r ¢ N we have

s Sy _ ¢Sy _ s
(1.48) oD+ G =G - 1G>0
and
S _ S - s _ s
(1.45) Gre1) ™ Gret) = 1 Gl = 1G] >0
and the proof of case l.a is complete.
Case 1.b. s > 2,
First observe that
(1.46) (1-x2)%> 1 - sx2, (0<x<1; s>1) .

Hence, in order to prove (1.33) it is sufficient to show that
(1.47) 2(1-sx%) + x{(1+0)° - (1-0)%} - 2 > 0,
or, equivalently, that
(1.48) (1+x)°% - (1-x)° - 2sx > O.

The left-hand side of (1.48) takes the value 0 at x = 0. Hence, it

suffices to show that its derivative is positive for 0 < x < 1, which i

equivalent to proving that
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49) (1+x)s_1 + (l-x)s—l - 250, (0<x<1).

Since (1.49) may be rewritten as

(+x)5 1 - L 1= a-nST!
X X

50) s (0<x<1),

since x° ! is convex for x > 0 if s > 2, we see that (1.50) holds,

>leting the proof of case 1.b.

2 2, 0 <s <1,

In order to prove that Tn(s) < Tn+1(s) if 0 < s < 1 it suffices to

re that o
1) 2(1-x2 + x{ (1+1)° = (1-0)%} - 2 < 0, (0<x<1).

This inequality may be established similarly as in case 1. Just ob-

re that 1if 0 < s < 1 then for all r ¢ N we have

S

2r—1) > 0,

12) (gr) <0 and (

‘eas [(i)! is again decreasing in r. This completes the proof of

rem 1.1. g

From the above proof we obtain the following

'REM 1.2.
s+1 s s s+1
n (n+1)” + n” (n+1)
‘3) ch(s) > S+ 1 S+1 5 (S>1)
(n+1) -n
s+1 s s s+1
n (n+1)” + n (n+1)
4) Zon(s) < vy v , (0<s<1).
(n+1) -n

\RK. One might suggest to study the behaviour of Tn(s) by means of the
r-Maclaurin summation formula.

In order to avoid notational ambiguities concerning Bernoullian
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numbers and polynomials we give the following definitions.

The Bernoullian polynomials bn(t) are defined by

zt

(1.55)  ———= ] b (0 2", (lz]<2m.
e -1 n=0

The Bernoullian numbers bn are defined by

(1.56) bn = bn(O), (n=0,1,2,3,...)

or, equivalently, by

n
(1.57) —;;E—- = ) bz, (|z]<2m).
e -1 n=0
Putting
(1.58) Bn = n! bn’ (n=0,1,2,3,...),
ve have
z v Bn n
(1.59) —z—-—-—= Z H,—Z s (|Z|<27T).
e” -1 n=0 "’

It is well known that for any polynomial f(x)

b
b-1
(1.60) ) (k) = J £(x) dx - {£(b) - f(a)} +
k=a
a
N (2r-1) (2r-1)
+ ) b, {f () - £ (a)},
T
r=1
There
‘1.61) N = [%ﬂ s m denoting the degree of f(x).

Choosing a = 0, b =n, n ¢ N, f(x) = xm, me N, m> 2, we obtain

‘rom (1.60) that
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k-1 k
n f(—) + £(2) n-1
2) T m) =1 ) —R— oLy oedy KD -0,
k=1 k=0
o 5] £2r-1) 1y o g 2r1)
= -r; {j f(;) ‘dx + Z b2r 5T } =
0 r=1 n
! 37y,
= [ £(x) dx + ) __3_5 (2D gy C 2D gy 2
0 r=1 n
(5] iy
=1 . § b2r m. _ 1 1 Z (m+1) EZE

m+1 2r (m=2r+1)! m+l m+1 2r 2r °
r=1 n r=1 n

Since B2 = %-> 0 it already follows that for me N, m > 2, Tn(m) is

1tually decreasing in n.

It is also well known that

1 i‘ n n-k
’3) b (t) = ( ) B, t s
n n. k=0 k k
4) BO =1, Bl = -}
that
)5) B2k+1 =0, for all k ¢ WN.

Using these facts it is easily seen that

m! b (n)
: _ m+ 1 1
16) Tn(m) = nm+] + 5o (m>2).

From (1.66) and the fact that Tn(m) is decreasing in n one is tempted

ronjecture that

)7) bm+1(X) +
xm+1 m! 2x

’ (x>0)

lecreasing in x for x > 1.

One may verify that this conjecture is true indeed for some small




5 of m. However, we can show that it is not true
:ture is true then we must have
d P ® 1

’ dx t xm+] * m! 2x} =0, (2

is equivalent to

(x) - —— ¥™ < 0,

]
' x b (x) - (@) b 7.

A

m+1

yince for k > 1, bL(x) =b (x), we have

k-1
X b (x) = (@) b (x) - =—— x™ < 0
m m+1 2. m! = 72
luivalently,
m
m! x bm(x) - (m+1)! bm+](x) - ix <o0,
n particular (1.71) must hold for x = 1, so that

1 —_ 1 - 1
m! bm(]) (m+1)! bm+1(]) 3 2 0.
t is well known that
bm(l) = bm(O), (m22)
t we arrive at

mib - (mDIb =420,

may also be written as

- - 1 <«
B -B ., -}z<o0.

his inequality is true indeed for 2 < m < 13. Ho

neral.

choos




14, we have

>O’

'6) B,, - B —1=%—0—1=%

14 15

that (1.75) is not true in general. Nevertheless, from

orem 1.1 we obtain that the sequence

77)

{bmﬂ (n) . 1 100

1
nm+1 m. 2nfn=]

decreasing whenever m ¢ N, m > 2.

For later use we will now derive some estimates for

def © s
78) w (s) €Y ) (2kx-1)°%, (n€eN ; s>0).
n
k=1
Defining
2 wn(s)
79) tn(s) = T ° (nelN ; s>0),
(2n)

observing that tn(s) may be interpreted as the n-th c¢

. . 1 . . . .
roximation of fO xsdx, we immediately obtain the inegq

s+1

30) 2 Wn(s) > SEE%T—— ’ (0<s<1)
s+1

31) 2 u_(s) < £2§%T__ . (s>1).

In order to obtain better estimates for wn(s) we pro

0SITION 1.3. If 0 < s < 1 (resp. s>1) then tn(s) 18 d

reasing) in n.

)F.
2 1. 0 <s <1

We want to prove that
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(1.82) tn(s) > tn+1(s) . (0<s<1).

One may verify that (1.82) is equivalent to

nS+] (2n+1)S

H]
(n+1)S+l _ nS+I

(1.83) Wn(S) > (0<s<1).

Again we proceed by induction: For n = 1 inequality (1.83) r«

3S
(1.84) 1> -S.-iT_— ’ (0<S<1)
2 -1

which may be written as
(1.85) —_—< 27, (0<s<1).
Since x° is concave on 1 < x < 3it follows that (1.85) holds

that (1.83) is true for n = 1 and all s € (0,1).
Assume (1.83) still holds for n = 1,...,N and all s € (0,1).

we have
s+1 s
(1.86) WN+](S) = (2N+1)5 + WN(S) > (2N+1)S + N SE%N+])S+] =
(N+1) - N
_ (N+1)S+] (28+1) %
= 3
+1)STT o st

so that it suffices to prove that

s+1 s+1

(1.87) en° ' wDT w3
DS NS T ) ST (e S

>r,. equivalently, that

(1.88) (25+1)° g (2N+3) S
a1 ST o ST T )T L (g st

for all N ¢ W and all s € (0,1).

Putting-igj%—g = x it is clear that (1.88) is equivalent to




(1-2x)° 1

>
(-0 - (=305 T st - (1S

19)

'h may also be written as

X s+1

0) (]+x)S+1 - (1—x)S+] (l+]-2x) - (]~Tt
2x = 2x
1 - 2x
Now observe that
1) (1+X)S+1 - (l—x)S+I - E (s+1 ) 2r s+1 )
2x 2r+1” ¥ T8 r+1’ 2
r=0
that
2) (S+1 ) <0 for all r € N and all s «
2r+1
Since 1 :E§§-> x for 0 < x < } it follows that 3, com-
ing the proof of case 1.
2. s > 1,
Now we have to show that
3) t () <t (s, (s>1),
:quivalently, that
s+1 S
n 2n+1
4w (s) < ot ., (o).

(n+1)S+1 - n

For n = 1 this reads

38
'5) ——————— (s>1)
St _

equivalently,
s s
6) 25 < .L._+....§... s (S>])
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. . . s .
which is true because of the convexity of x~ on the interval 1 2 x < 3.

Hence (1.94) holds for n = 1 and all s > 1.

Assume (1.94) still holds for n = 1,...N and all s > 1. Then we have
' s+1 s
(1.97) W (8) = @D 4 w(s) < (2n41)® 4 o (2N*D) }
) (N+1)S+1 _ Ns+1
_ DS one)S
+1) ST - st

and it clearly suffices to show that

s+1 s+1

M+D°7 N+ (1)
(N+1)S+]— s+1

(2N+3) 5
s+1

(1.98) =
N (N+2)S+1— (N+1)
for all N e¢ N and all s > 1.

It follows that we are done as soon as we show that the function

(2x+1)s

9
(X+I)S+l - xs+1

(1.99) (x>0)

is increasing in x for any fixed s > 1.

Considering the derivative of (1.99) it suffices to prove that

(1.100) (s+1) (1+2x) {(1+x)% = x5} < 25 {(1+x)SH] = 57

for x > 0 and s > 1.

In order to prove (1.100) we replace x by ng » 0 < t < 1, This yields
the equivalent inequality
: ] s+1
(1.101) (s+1) (1+£) (1-t7) < 2s(1-t ), (0<t<l; s>1),
which may be rewritten as
(1.102)  (s=1) = (s+D)t + (s+D)t° - (s-De%"! > 0, (0<t<1; s>1).

The left hand side of (1.102) takes the value 0 for t = 1 and hence

it suffices to show that its derivative is negative for 0 < t < 1. Hence,




vant to show that
s—-1 S
103) -(s+1) + s(s+1) t - (s=1)(s+1) t <0

equivalently, that

104) 1+ s 570 2 (em1) ¢85 < 0, (0<t<1; s>1).
The left hand side of (1.104) takes the value O at t ad hen
suffices to show that its derivative is positive for 0 1. Hes

rant to show that

05)  s(s=1) 572 - s(s-1) 571 > o, (0<t<1; s>1°
equivalently, that
06) t 1>, (0<t<1; s>1).

Since this is trivially true the proof of propositior 's com-

e. g

| the above proof we obtain

OSITION 1.4,

ns+1 (2n+])s
07) wn(s) > v T (0<s<1)
(n+1) -n
s+1 s
n (2n+1)
08) wn(s) < =T ° (s>1).

(n+1)S+] - n
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1
2. APPROXIMATIONS OF J |x|® dx, (selN, s>2).
-1
Throughout this section s will denote an arbitrary but fixed 2r

greater than 1 (unless explicitly stated otherwise).

DEFINITION. Let T;(s) (resp. t:(s)) be the n—th canonical trapezo

(resp. tangent) approximation of [}1]x|s dx, i.e., more explicitl

n n
* =2 1 [ — 14 (=112 S _ 218, _ 2
(2-]) Tn(s) = ; Z E{I 1“"‘(1’( 1)-5 + I ]+k;l = -1:1- Z ‘—] + .
k=1 =1
and
* _2 3 2k-1,s
(2.2) e () == ] |- .
k=1
PROPOSITION 2.1.
* *
(2.3) Tn(s) + tn(s) = 4 Tn(s),

where Tn(s) has the same meaning as in (1.22).

PROOF,
* * 2 o s s
(2.4) T (s) + t (s) = ) {|n-2k|® + |n+1-2k|®} =
n n s+1
n k=1
-2 (20 (s) -n°}=4T (s)
s+1 n n
n
(compare (1.24)). J
Combining this result with theorem 1.1 we obtain the followin

PROPOSTTION 2.2. T, (s) + t:(s) is decreasing (in n).

DEFINITION. For every n ¢ IN let

n-1
(2.5) 6. (s) = ) (-1
k=0

k (m-k)S = 05— (n=1)5+...+ (=17 2254 o,

and




* * *
5) Sn(s) = Tn(s) - tn(s).
m (2.5) it is clear that

7) () + 0 1 (s) = (D), (neW).
eover, we have the following

POSITION 2. 3.

* _ 2 _ s
8) Sn(s) = n5+1 {2¢n(s) n-}.
)
5" = —2_ ¢ E |n-2k|° - E |n+1-2k| %} ~{2¢_(
)) n(S) - S+1 n n 1 q)n
n k=1 k=1

As a counterpart of proposition 2.2 we have
20SITION 2.4. 6:(5) s decreasing (in n).

JF. In order to prove that

*
n+1

10) 5;(5) > 8% (s)

nay just as well show that

1 1

- 58 . s
D 1 {2¢_(s) - n7} > e {26 ., (s) )7},
equivalently, that
2) (n+1)S*1 {2¢_(s) - 2%} > oS! {(@e)® - b,

th may be rewritten as

nS+1(n+l)S + nS(n+1)S+1

(n+l)S+l + ns+1

3) 2¢n(S) >
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A direct proof of (2.13) by induction seems to be practically unfea-
sible. Therefore we make the following somewhat unethical detour.

Observe that

2n° (n+1)S S ns+l(n+1)S + ns(n+1)S+1

+ +
s (n+1)s l+ nS 1

(2.14)

(n+1)s+ n

. 1 .. . . .
Indeed, puttlng'g = X, 1t 1s easily seen that (2.14) is equivalent to

(2.15) 2 {(1+x)s+] + 1} > (2+x) {(+x)° + 1}

which may be simplified to
(2.16) (1+x)° > 1. O
It follows that proposition 2.4 is a consequence of the following

PROPOSITION 2.5,

s s 2s
(2.17) _E;_iﬂill_g < ¢n(s) < ns S
n- + (n+l) (n=1)" + n
PROOF. One may verify that
, _ n(n+1)
(2.18) ¢ (2) = HEED
and
2 2 4
(2.19) n (n+1)2 < n(r21+1) < n2 5
n~ + (n+l1) (n-1)" + n

so that (2.17) holds for s = 2 and all n € IN. Hence it suffices to prove
(2.17) for s 2 3 and all n € WN. It is easily verified that (2.17) holds
for n = 1 and all s > 3,

Assume (2.17) still holds for n = 1,...,N and all s > 3. Then we have

NS en*s

NS + (N+l)S NS+ (N+l)S

(2.20) () = #1)® - ¢ (s) < (WD)° -

q>N+1

so that the right-hand inequality in (2.17) also holds if n is replaced by
N+ 1,
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We also have

] s st
21) b (s) = (N+1)7 = ¢ (s) > (N+1)° - =
N+1 N (N—I)S + Ns
=D+ N w1)S - N2S
- 3
(N-1)° + NS
that it is sufficient to prove that
22) M-S m+1)S + NS (N+1)S - NS (N+1) % (N+2) ®
(n-1)% + N° (n+1)° + (w+2)S
all N ¢ IN.

Putting %-= X, it is easily seen that (2.22) is equivalent to

13) U=0°0+0° + 1+0° - 1 (%420 °
(1-x)° + 1 (1+x) %+ (1+2%)°

ssmultiplication in (2.23) and some simplification leads to the equiva-

: inequality

S 2s 2s s ]
24) (1-x) " (1+x%) + (1+x%) - (1+x)° = (1+2%)° > 0.
h in its turn is equivalent to

'5) (1-x2)% + (1+x)° - 1 - (1+ 5% > o,

Using the binomial theorem in (2.25) we see that we still have to

7 that

2 s r 2r T x
6) G IR ICI DR S T S S Sy
r T
r=1 (1+x%)
it consider the first two terms of this sum.
One may verify that the following list of inequalities is such that

'yone of them (except the last one) is a consequence of the next one:

—x? _ X s(s=1), 4 2  x
7) s{-x" + x l+x} + ——jf—-{x + x —} > 0,
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s-1

1 3
(2.28) {x+1-—} +=—1{x" +x-—="}>0
1+x 2 (1+x)2

(2.29) T+ (s-Dix* + 1 - —13 > o,

(1+x)

-2x 1
(2.30) Tt (s-1){1 - ———f—ii >0,
(1+x)
(2.31) —2x(1+x) + (s=D{(1+x)% - 1} > 0,
(2.32) -2 - 2x + (s-1)(2+x) > 0,
(2.33) (s-3)x > 4 - 2s,
Since s > 3 we have that 4 - 2s < 0 and s - 3 > C .33) ar

hence (2,27) is true.
For every remaining term in (2.26) corresponding

(r=2a, say) we clearly have

2a
(2.34) N
(1+x)
so that it suffices to show that every term in (2.26) 1g to ¢

odd r > 3 (r=2a+l,say) is non-negative.

Hence, we want to prove that

2a+1
(2.35) —x2(23+1) + X2a+l - =X ) Ed
(1+%) a+l

eck di

1l
o

It 1s clear that (2.35) does not hold for x

rectly that (2.25) is true in this case. When x = 1, (

s

(2.36) 25 -1 - a+hHS >0

which is equivalent to

4

(2.37) (3

N




Since (2.37) is true for s =
Hence, it suffices to show (
t in the following list of ine

t one) is a consequence of the

2r r
38) =< x - —2—120
(1+x)
39) -x" 4 1 - lr;O,
(1+x)
40) (1-x") (1+x) " > 0,
41) (l-xr)(1+rx) > 0,
+2) r ;:xr_] + rxr,
i3) r ;:Xz + rx3,
2
vh) r > (r+l) x7,
2 r
FS) X = r+1 (;l%>
16) 0 <x < 43
7) 0 <x <%,

Since (2.47) is true by assun

e that of proposition 2.4 is ¢

¢n(5)
LLARY 1.

18 decreasing
n

F. We have to prove that

¢n(5) b (s)

"n+1

8) s )
n (n+1)

equivalently, that

27

r s > 3.
in, one may check

em (except the

»osition 2.5 and
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(2.49) (n+1)° 8_(s) > n® {(a+1)S - b (s)}.

Since (2.49) is equivalent to

S( +1)S
(2.50) o (s) > -—EL~11--7; s
n ns + (n+1)

the corollary follows from (2.17). [

REMARK. It is easily verified that

6 (1) 21+ 4+ (-D™

n

(2.51)

so that corollary 1 does not hold for s = 1.
This led us to the following open question: For which real s Zs co

ollary 1 true?

COROLLARY 2.

¢, (s)
(2.52) lim = 1.
n>® n
PROOF. This is an immediate consequence of (2.17). [

In the formulation of corollary 2, s has to be interpreted as an i1
teger greater than 1. However, it may be shown that (2.52) holds for an:

s > 0.

PROPOSITION 2.6. (Compare POLYA and SZEGO, Aufgaben und Lehrsatze aus de

Analysis I, Springer, 1970, p.40, problem 27)

¢, (s)
(2.53) lim =1, (s>0).
n>e n
PROOF.
Case 1. 0 <s <1,

. S .
In this case X 1s convex on x > 0 so that




54) Loy T@+1-210° 4 (

(n
n-1
0=k 7
n which it is readily seen tha
55) -1 + ¢ 41 (8) < ¢, (s).
Consequently, we have
36) 29 (s) > (+1)® - 1
‘hat
¢, (s)
7) lim inf > 1.
n-> nS
From (2.56) we obtain
— s - . s —
8) ¢n+1(S) = (n+1) ¢n(s 1)
hat
9,(s)
9) 1lim sup — = i,
n-> n
2 s > 1
The case s = 1 follows from (: the co

) we have similarly as before
) Tt b (8) > ¢ (s)
which we obtain

) 26,(s) < (a+1)®

(n+1)°

y of x
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_ s _ 1 s
(2.62) ¢n+1(S) = (n+1) ¢n(S) > 3(n+1)".
It follows that (2.53) is true. O
Returning to our study of T:(s) we have
THEOREM 2.1. T;(s) 18 decreasing (in n).

PROOF. Combine propositions 2.2 and 2.4. O

COROLLARY. For my n € N, m > 2 we have

(2.63) ny™ 1y Z k=-D™ + @20-1)™ > (2n-1)™!
k=
and
m+1 nzl m+l,, o
(2.64) Co+rDT 2 ] @™ + en)™ > )™ 2 )

k=1 k=

PROOF. (2.63) is just another way of writing T (m)

2n-1
(2.64) is equivalent to T2 (m) > 2 +1( m). [

REMARK. A direct proof of (2.63) and (2.64) seems to 1

We will now investigate the behaviour of the canc
* . *
sums Un(s) corresponding to fs.

It is easily verified that

2
(2.65) -1(8) = ————7 (-1 + 2w_(s)}
2n (2n—1)S+l n
and
20 (s)
* n
(2.66) Uzn(s) = et

From the last two formulas we easily deduce that

(2.67) Uy (s) = T, (s) +-%




+ 2 1
2n+1 (2n+1)

are now in a suitable position to prove

*
68) U

s+1

POSITION 2.7. The sequence {U;(s)}:=2 18 decreas

OF. We first consider

* *
69) U2n(s) > U2n+1(s)
equivalently,
* 1 * 2 1
70) T, (s) +=>T (s) + -
2n n 2n+1 2n+1 (2n+1)S+I
TS (s) > T . (s), it suffices to show th
ce 2n(s o+ 1 s), it suffices to show that
1 2 1
Ay o Tn+l g

(2n+1)

Since this is trivially true we are done with

Next we consider

* *
72) Uy —1(8) > 0, (s), (n22),
equivalently,
* 2 1 * 1
73) TZn—l(S) T a1 s+l T2n(s) T a
(2n-1)

It clearly suffices to show that

2 1
74) 2n-1 s+l =

(2n-1)

1
;1' s (n_>_=2) 3

:h is equivalent to

75) (2n-1)° > n, (n>2).




3ince this is obviously true our proof is complete. [

[n order to be able to deal with the canonical lower R —-sums

sponding to f: we first prove the following

. * .. , .
SITION 2.8. t2n+l(s) s increasing (in n).

First observe that

2s+2

tr (s) =
2n+1 (2n+1)

s+1 ) On(s)

lence, we may just as well prove that

(s)

s+1

on(s) On+1

o+ (2n43)
may be shown to be equivalent to
(n+1)S (2n+1) 5}
(20+3)5*1 - (2n+1)

<
a,(s) s+1

'e will prove (2.78) by induction: For n = 1, (2.78) is ralent

5s+1 _ 3s+1 <3 65.

t may be checked directly that (2.79) is true for s =

ow observe that (2.79) is equivalent to

3,s+1 3 1.s
1 (g) <'§(1+'5*)
t it suffices to show that

%(L+%)S > 1, (s23).

ince

I.s s s(s=1) 3.3 435
(1+35)7 > 1+ 5+ 7 2l tsr T3




follows that (2.78) holds for n = 1 and all s > 2.
In (2.78) we replace n by n — 1, so that we still have to show t

S < ns(2n--1)S+1

(2n+1)S*! = (2p-1)5*]

83) (0n_l(s) =) Gn(s) -n

equivalently, that

ns(2n+1)S+1

2o+ - (20-1)

84) On(S) < for all n € W.

s+l °?

84) is obviously true for n = 1.

Assume (2.84) true for n = 1,...,N and all s 2 2. Then we have

s s+1
35) 0N+1(S) = (N+1)5 + oN(s) < (N+1)° + stfN+]) v
(2N+1) - (2N-1)

chat it suffices to show that
o awn® - — M@ e owy®

ene DS o on-nStTT T o3y St - (o) S
all Ne N.

Putting %'= X we arrive at the equivalent inequality

;7) (]+X)S + (2+x)S+l < (1+X)S(2+3X)S+1

2+ 5" - 205! T (243x) 5% - (24x)SF!

In (2.87) replace x by 2x (so that from now on 0 < x < }) in ord:

.ve at the equivalent inequality

s+1 s+1

(1+2x%) 5 (1+3x)
(1+3x)S+] - (1+x)

(1+x)

18) (1+42x)° +
1+ - (1-x)

s+1 = s+1

After crossmultiplication and some simplification it turns out tt

1ay just as well prove that

9) (#2050 (1+0% - (0% > (s30T - (St

'h is equivalent to
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X s+1 X s+1
(2.90) M R L T2
' 2x = 2x
1+2x
Since
(2 91) (1+X)S+1 - (I—X)S+l‘_ _l_ Sfl(s"']) r{l_ _l)r} _ Z S+1
’ 2x T 2x =0 T X ( - (2r+1

it follows that the left hand side of (2.90) is increasing in x on x > 0.

Observing that x > for all x > 0, (2.90) follows and our proof

X
1+2x
is complete. [

From the above proof we obtain the following.

PROPOSITION 2.9.

ns(2n+l)S+1

(20+1)ST! = (2n-1)5*!

(2.92) On(S) <

In the remaining part of this section we will investigate the beha-
. . . * . *
viour of the canonical lower Riemann-sums Ln(s) corresponding to fs. One

may verify that

4w (s) - (2n-1)°}

* _ & 2k-1 )S =
(2.93) L2n—l(s) ~ 2n-1 z (Zn— (2n—1)5+1
and
(2.94) L;n(s) = 21 _(s).

PROPOSITION 2.10. The sequence {L;(s)}:=2 18 1ncreasing.

PROOF. We first consider

(2.95) (s),

*
Lo (8) < 2 +2

which may be shown to be equivalent to

(2.96) 2(n+1)5*! w_(s) < (2n+1)5*! 5 ().
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ng the inequalities (1.53) and (1.108) we see that it suffices to prove

s+1

s+l n s+1

s+1 0% 1 (on+1)s

(n+1)S+1 _ ns+1

(n+1)S + ns(n+1)

17) 4(n+1) (n+1)5+1 s

< (2n+1)

equivalently, that 4n(n+1) < (2n+1)2. It follows that (2.95) holds.

Next we consider

* *
'8) Lon(8) < Lppyy(s)
equivalently,
19) (2n+1)S+1 on_l(s) < 2nS+1 wn(s)

h may also be written as

1 s+l
Gn(s) _ 02n(s) 0n(s) - (LFEEO 1 1 s+l

2y T oot ; ton (o)

00)

s+1
n

A direct proof of either of the last three inequalities seems to be
e cumbersome. Therefore we proceed as follows.

We already know that U;n_l(s) > U;n(s), (n>2). This last inequality
quivalent to

g (s)
1 n
{-1 + 2w (s)} >

(2n—])S+1 n

oD s+1 °*
n
h may be rewritten as

o () 0, () o (s) I- (1—--5‘5)S+1

s+1
n

1
2 2(2n)

02)

s+l s+l ot 1
n

(2n)

Hence, in order to prove (2.100) it suffices to prove that
1 s+l 1

0 on(s) 1- (1—~§5) ) i ) cn(s) 1 (1+-§5)

ns+1 2 2(2n)S+] ns+1 2

s+1

1 1 s+l
*on (rog '




o

: is easily seen that (2.103) is equivalent to

s s+1

n + nS(2n+])

2n+1)SY! - (2n-1)

1. 104) cn(S) <

°

s+1

nce (2.104) is true by proposition 2.9, our proof of proposition 2.10 i

mplete. [J

SOME APPLICATIONS.

OPOSITION 3.1. Let f: [0,1] » IR be such that Tn(f) 18 decreasing. Defii
(0,11 - R by

£(x) = £(1-x), (0x<1).

en Tn(—f) 18 increasing and Tn(f) 18 decreasing.

00F. T_(-£) = -T_(f) and T_(£) =T (£). [

Q0POSITION 3.2. For every k ¢ W let fk: La,b] » R be such that Tn(fk)

» non—inereasing in n and let lim fk(x) = 0 for every x € la,b] (strict-
>0

I speaking we only need this for all x € la,b] which are of the form

= a + p(b-a), p being rational). Then 1lim T (f,) = 0 for all n ¢ W.
k—-)oon k
00F. Obvious. [J

0OPOSITION 3.3. For every k € W Zlet fk: la,b]l + R be such that fk(x)

mds to a finite limit (=£(x), say) when k > «. Also, for every k ¢ W,

't Tn(fk) be non-insreasing in n. Then Tn(f) 18 also non-inereasing.

'00F. Since Tn acts as a linear functional we have

T(£) = T (£-£) + T_(£) 2 T_(£-£) + T, (f) =

Tn(f~fk) + T (fk—f) + T (£).

n+1 n+1




et k » » and apply proposition 3.2. [J

SITION 3.4. For every k € W let fk: La,b] » R be such that Tn(fk
creasing in n. Then Tn(kzl p, ) is also decreasing in n whenever

o L converges pointwise on La,bl, the coefficients Py being non-

tve (at least one of them being positive).
. Exercise. [
1 the examples which follow we will assume that a < b.

CATION 1. Let f(x) = log x, (0<as<x<b). It is clear that

Tn(f) = Tn(¢), where ¢(t) log (a+(b-a)t), (0<t<l).

a

T (>0) we have

Writing p =

log(b-a) + log(p+l) + 10g(1-%ﬁ?

¢(t) = log(b-a) + log(p+t)

Since
10g(1-.L5% = - z _gl:Ej;z
P k=1 k(p+1)

llows that Tn(¢) is increasing.
1

. 2n)!n . . o
Zse. Show that {i—ElE} is increasing in n.
]
n! n

CATION 2. Let f£(x) = e*, (agx<b), where c is some real constant.

1. c < 0.
Put -c = p (>0) and x = a + (b-a)t, (0<t<l), and observe that
Px _ p(ar(b-a)t) _ -pb p(b-a)(l-t) _
0 k k
e PPy R (Bra) gk
k=0 k!

llows that Tn(f) is decreasing in n.




1se 2. ¢ > 0. Again, put x = a + (b-a)t, (0stzl).

Since
X o eC(a+(b—a)t)= z c (b a) K
k=0 k'
. follows that Tn(f) is decreasing in n.
. 1 . . .
sercise. If £(x) = > (0<a<x<b), then Tn(f) is decreasing in

e -1
IMARK. So far we have only invoked theorem 1.1 and the easy propos

‘ated at the beginning of this section.

PLICATION 3. For any s € IR let fs(x) = XS, (0<as<xsb).

Putting x = a + (b-a)t, (0£tsl) we have

£.(x) = (a+ (b-a)e)® = (b-a)°(p+t)°

l\ere p = (>0), so that we may just as well study the behaviour

b a
l(d>s) where ¢_(t) = (p+t)°, (p>0; 0zt<l).

1se 1. s < 0.

Then we may write

s _ _ _1-ts _
(+0)° = (p+1+t=1)° = (p+1)° (1 1) T
T
]_
- e ] SCIPLIR LN
r=0 (p+1)
Since s < 0 we have (]S:)(—l)r ~ 0 for r = 0,1,2,3,... and it fo

1at Tn(¢s) is decreasing in n.

@

1se 2. 0 <s < 1.
It is clear that if s = 0 or if s = 1 then Tn(¢ ) is constant.
s

< s < 1 then, as before, we have

T (1-t)r

(p+t)° = (p+1)° 7)1
rzo t (p+1)T




ving that

1 if r =
s r _
(r)(‘l) =

39
=0

<0ifre N
1lows that Tn(¢s) is increasing in n.

3. s>1.

se 3a. seN,.

Then we simply have

s
(p+t)s _ z (s) s-r

) P e
r=0

d it follows that Tn(¢s) is decreasing.
se 3b.

2m+] < s < 2m+2 for some me N u {0}.
Then we have

ere 2z

(p+£)° = (pri+e-H° = (p+i+5)°,

2t-1, so that -1 £ z

<1,
e function

It follows that we may just as well trace the behaviour of Tn for

(2p+1+2)5 = (2p+1)° (1+ 5—=—) %,

2p+l
Since

zZ S =
(1+2p+1)

S Zr
()
r (2P+1)r

d (;;) > 0 for all r ¢ N, (note that the odd powers of z are irrele-
creasing.

nt!) it follows from theorem 2.1 and proposition 3.4 that Tn(fs) is




Case 3¢. 2m < s < 2m+l for some n ¢ IN.

We conjecture that Tn(fs) is decreasing in n if 2m < s < 2m+1 for

some m € IN.

However, so far we were unable to prove this.

2m for some m ¢ N and define fS(x) = xS, (a<x<b).

]

'LICATION 4. Let s
a + (b-a)t, (0<t<l) we have

Again, putting x
s
£.x) = (-a)’(cE+e),

that we may just as well study the behaviour of Tn for the function

o(t) = (a+t)®, (0<t<l; aeR).
e 1. a > 0.
Then
o - r
()’ = 7 () T ¢
! r
r=0

| it is clear from theorem 1.1 and proposition 3.4 that Tn(fs) is decrea

ig in n.

e 2. o < 0.
Put -a = p. Then we may just as well study the behaviour of Tn for thi

iction
p(t) = (p-t)°, (0<t<1; p>0).

Similarly as before it is easily seen that (putting z=2t-1) we may

't as well study the behaviour of Tn for the function

Mz) = -4+ 5)°,  (-lgzg),

equivalently, for the function

u(z) = (B+z)°, (-1zz<1; BeR).




Since
v s s—r _r
uiz) = 1 () 8" 2
r=0
ince the odd powers of z are irrelevant for our purpos
the relevant part of the above expansion of u(z) is

2m 2m-2r 2r
(Zr) B z

3

I ~18

r=0

at Tn(u) and hence Tn(fs) is decreasing by theorem 2.1
3.4.

{. Again, let s = 2m for some m € N and let

0(x) = (a+x)°, (0sx<1)

o 1s some real constant.

Using the Euler-Maclaurin summation formula we find

,

m (2r-1) (2r-1)
_ : (1) - ¢ ©
T,(0) = | #Gdx+ | by 7%

b r=1 n

1

r 1 m om+1 (a+1)2m—2r+
- ] £(x)dx + Im+1 Z ( 2r ) B2r

0 r=1 n

this and application 4 we obtain that for any m € N a

2t 1 (a+1)2m—2r+1 _ OLZm—-2r+1

( 2r )B2r 2r
1 n

Wr~—8

r

creasing in n.

CATION 5. The example described in the introduction (p

ercise to the reader.
1

n
CATION 6. We will prove that the sequence {(Er)n}w

—_— . n=1 "

41

as




Taking logarithms we obtain

1

nn n 1 nn 1 ¢ n
1og(-t-1-1-) == log— == ) log-lz=
k=1
1 k ol n-k
= 5 Z 10g;= -— Z log— =
k=1 =0
p 5! Kk T T N
=-3 ) log(1-2) = — ) S &) =
k=0 k=0 s=1
o 1
= L@

s=1

1 our assertion follows easily (compare proposition 1.2).

gl (s>0) and %ig Ln(s) = E%T" (s>0) we also ob-

in an alternative proof of the following well-known result

nn -11;
lim (;{r) = exp
n>e s=

Since 0 < n(s) <

1
1 s(s+1) _ ©*

0~ 8

MARK. Actually, we can prove more than asserted in the previous applica-
n.
If we define
1
s s
f(S) = {=——=1} s (S>O)s

I'(s+1)
on f is increasing on RY.

This may be seen as follows. For s > 0 we have
I'(s+1) = sS e—s V2ms eU(S)

:re u(s) is Binet's function which may be represented by

[ee]

~ e‘St 1 1 1
u(s) -‘i s {— —?+7}dt, (s>0).

e -1

See, for example, G. SANSONE and J. GERRETSEN, Lectures on the Theory
Functions of a Complex Variable, Noordhoff-Groningen, 1960, p.216.




[n order to prove that f(s) is increasing we may just as well show

log £(s) is increasing. Taking logarithms we obtain

s® | - u(s) + ilog 2ms

sS ‘e—S vV2rs eu(s) S

log £(s) = —é- log

[t clearly suffices to show that

1 RETS .
d H(s) + j3log2Ts s{u’ (s) +2s'} .{u(.s.)+ } log 2ms}

ds s - 2 <0, (s
s
juivalently, that
def 1 1 1

¢(s) ="s{u (s) + -2—8'} - {u(s) + 3log2ms} < O, (s>0).

3ince
(s) e® T'(s+1)
e (®)/gms = & L)
s
llows that
S T'(s+1)

lim {n(s) + llog2ms} = lim log = SS log 1 =0

sY¥0 sY0 s
from the integral representation of u(s) we obtain

1 _ _| .-st 1 1.1 ___1 -st, 1 1
p (s) = Ie {——-————et_l t+2}dt—- 2s+J’e {t et—l}d
0 0

at

v 1 st 1 1

u(S)+§-§-J {?— t_]}dt.

0 e

jince

lin {+ - ——} = 0

oo e -1

llows from the general theory of Laplace transforms that




lim sf{u'(s) + EL} = Q.
[ S
s+0

mnsequently we have that lig $(s) = 0, so that it suffices to show that
s

(s) < 0 for s > 0.

Since

o' (s)

1]
1]
1
=
N
[/}
-’
+
i
o
il
[4)]
.
w
Oy Y— g
D
i
0
rt
—_~—_
{—
|
—
o
A
[m3
i

l - —— >0, (t>0)

follows that indeed ¢ (s) < O for s > 0, completing the proof of our

sertion.
5 (@),
PLICATION 7. If a < O then the sequence { p }n=1 is increasing.

We may prove this as follows: since

D1 g 1 e 1 ke
na+1 n k=1 n n ®=0 n n k=0
n-1 «
1 z N} s k.s
== 7 I OENSD® -
% k=0 s=0 ° n

(observe that (Z)(—I)S >0 for s = 0,1,2,3,...)

Gy LT s
0% D=0 " s

I o~18

a s
(PO L,

I
N >~18

s

: assertion follows from propesition 1.2 and the observation that if

: 0 then {z)(—l)s > 0 for all s ¢ W u{0}.

'LICATION 8. Let O < u < 1 and define

F(x) = (1-x)" , (~1zxs<l).
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